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Abstract.The aimof this paper is to introduce a new concept for strongalmost Pringsheim
convergence with respect to an Orlicz function, combining with Riesz mean for double
sequences and a double lacunary sequence. In addition, we study almost weighted lacu-
nary statistical convergence for double sequences and present some inclusion theorems.
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1. Introduction
A double sequence x =
(
xk,l
)
is said to be convergent in the Pringsheim’s sense
(or P-convergent) if for given ε > 0 there exists N ∈ N such that
∣∣∣xk,l − L∣∣∣ < ε
whenever k, l > N [23]. We shall write this as limk,l→∞xk,l = L, where k and l tending
to infinity independent of each other. Let w2 and c2 be the spaces of all real or
complex double sequences and P-convergent sequences, respectively. Throughout
this paper limit of a double sequence means limit in the Pringsheim’s sense. A
double sequence x is bounded if ‖x‖ = supk,l≥0|xk,l| < ∞. Note that, in contrast to the
case for single sequences, a convergent double sequence need not be bounded. By
c2∞, we denote the space of double sequences which are bounded convergent and
by l2
∞, the space of bounded double sequences.
We may refer to [1]-[4], [8], [14]-[22], [24], [26]-[29] for further results related
with the concept of double sequence.
Mursaleen and Edely [21] defined the statistical convergence for double se-
quences x = (xk,l) as follows: A real double sequence x = (xk,l) is said to be P-
statistically convergent to L provided that for each ε > 0
P − lim
m,n→∞
1
mn
∣∣∣∣{ j  m and k  n : ∣∣∣xj,k − L∣∣∣  ε}
∣∣∣∣ = 0,
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where the vertical bars denote the numbers of ( j, k). Following Freedman et al. [9]
and Fridy and Orhan [10], the ideas of lacunary sequence and lacunary statistical
convergence were extended to double sequences by Savas¸ and Patterson in [22],
[26]. But the concept of double lacunary density has been recently introduced by
C¸akan et al. in [8]. The concept of lacunary statistical convergence for double
sequences has also been studied in [14]-[18], [20], [27]-[29]. For further results we
recommend to the reader to see [11], [16], [17].
Recently, Bas¸arır and Konca [5] have obtained a new lacunary sequence and a
newconcept of statistical convergence for single sequenceswhich is calledweighted
lacunary statistical convergence by combining both of the definitions of lacunary
sequence and Riesz mean, and have extended this new concept to locally solid
Riesz spaces in [6] (see also [7], [12]).
The notion of almost convergence for double sequences had been introduced
by Moricz and Rhoades [19], later the notion of strong almost convergence for
double sequences was introduced by Bas¸arır [3]. In [28] Savas¸ and Patterson gave
the definition of lacunary sequence for double sequences and introduced a new
concept for almost lacunary strong P-convergence. Recently, Alotaibi and C¸akan
[1] have introduced the Riesz convergence of double sequences (see also [15]).
In this paper, we introduce a new concept for strong almost Pringsheim con-
vergence with respect to an Orlicz function, combining with Riesz mean and a
lacunary sequence for double sequences. Further, we study almost weighted la-
cunary statistical convergence for double sequences and present some inclusion
theorems.
2. Definitions and Preliminaries
Before the beginning of the presentation of the main results, we give some
definitions and preliminaries.
Let A =
(
amnjk
)
, j, k = 0, 1, ... be a doubly infinite matrix of real numbers for all
m, n = 0, 1, .... Forming the sums
ymn =
∞∑
j=0
∞∑
k=0
amnjk xjk
called theA-means of the sequence x, yields amethod of summability. More exactly,
we say that a sequence x is A-summable to the limit L if the A-means exist for all
m, n = 0, 1, ... in the sense of Pringsheim’s convergence:
lim
p,q→∞
p∑
j=0
q∑
k=0
amnjk xjk = ymn
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and
lim
m,n→∞ ymn = L.
We say that a matrix A is bounded-regular or RH-regular if every bounded and
convergent sequence x is A-summable to the same limit and the A-means are also
bounded. Necessary and suﬃcient conditions for A to be bounded-regular are
1. lim
m,n→∞ a
mn
jk = 0
(
j, k = 0, 1, ...
)
2. lim
m,n→∞
∞∑
j=0
∞∑
k=0
amnjk = 1
3. lim
m,n→∞
∞∑
j=0
∣∣∣∣amnjk
∣∣∣∣ = 0 (k = 0, 1, ...)
4. lim
m,n→∞
∞∑
k=0
∣∣∣∣amnjk
∣∣∣∣ = 0 ( j = 0, 1, ...)
5.
∞∑
j=0
∞∑
k=0
∣∣∣∣amnjk
∣∣∣∣  C < ∞ (m, n = 0, 1, ...).
These conditions were first established by Robison [24]. Actually (1) is a con-
sequence of each of (3) and (4). We say that a matrix A is strongly regular if every
almost convergent sequence x is A-summable to the same limit, and the A-means
are also bounded.
Let n,m  1. A double sequence x =
(
xk,l
)
of real numbers is called almost
P-convergent to a limit L if
P − lim
n,m→∞ supμ,η 0
∣∣∣∣∣∣∣∣
1
nm
μ+n−1∑
k=μ
η+m−1∑
l=η
xk,l − L
∣∣∣∣∣∣∣∣ = 0,
that is; the average value of
(
xk,l
)
taken over any rectangle
{
(k, l) : μ  k  μ + n − 1, η  l  η +m − 1}
tends to L as both n and m tend to∞, and this convergence is uniform in μ and η.
A double sequence x is called strongly almost P-convergent to a number L if
P − lim
n,m→∞ supμ,η 0
1
nm
μ+n−1∑
k=μ
η+m−1∑
l=η
∣∣∣xk,l − L∣∣∣ = 0.
Let denote the set of sequences with this property as [cˆ2]. By cˆ2, we denote
the space of all almost convergent double sequences. It is easy to see that the
inclusions c∞2 ⊂ [cˆ2] ⊂ cˆ2 ⊂ l∞2 strictly hold. As in the case of single sequences,
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every almost convergent double sequence is bounded. But a convergent double
sequence need not be bounded. Thus a convergent double sequence need not
be almost convergent. However, every bounded convergent double sequence is
almost convergent.
We will use the following definition which may be called convergence in Pring-
sheim’s sense as follows:
(
xk,l − λ) = o (1) , (k, l→∞) .
Definition 2.1. [1] Let
(
pn
)
,
(
p¯m
)
be sequences of positive numbers and Pn = p1 +
p2 + ... + pn, P¯m = p¯1 + p¯2 + ... + p¯m. Then the transformation given by
Tn,m (x) =
1
PnP¯m
n∑
k=1
m∑
l=1
pkp¯lxk,l
is called the Riesz mean of double sequence x =
(
xk,l
)
. If P - limn,mTn,m (x) = L,
L ∈ R, then the sequence x = (xk,l) is said to be Riesz convergent to L. If x = (xk,l) is
Riesz convergent to L, then we write PR - lim x = L.
The double sequence θr,s = {(kr, ls)} is called double lacunary if there exist two
increasing sequences of integers such that k0 = 0 , hr = kr − kr−1 →∞ as r→ ∞ and
l0 = 0, h¯s = ls − ls−1 → ∞ as s → ∞. Let kr,s = krls, hr,s = hrh¯s and θr,s is determined
by Ir,s = {(k, l) : kr−1 < k  kr and ls−1 < l  ls}, qr = krkr−1 , q¯s = lsls−1 and qr,s = qrq¯s [28].
Using the notations of lacunary sequence andRieszmean for double sequences,
we now present some new notations which will be used in the next section:
Let θr,s = {(kr, ls)} be a double lacunary sequence and (pk), (p¯l) be sequences
of positive real numbers such that Pkr :=
∑
k∈( 0,kr] pk, P¯ls :=
∑
l∈( 0,ls] p¯l and Hr :=∑
k∈( kr−1,kr] pk, H¯s :=
∑
l∈( ls−1,ls] p¯l. Clearly,Hr := Pkr −Pkr−1 , H¯s := P¯ls − P¯ls−1 . If the Riesz
transformation of double sequences is RH-regular, and Hr := Pkr − Pkr−1 → ∞ as
r → ∞, H¯s := P¯ls − P¯ls−1 → ∞ as s → ∞, then θ′r,s =
{(
Pkr , P¯ls
)}
is a double lacunary
sequence. Our obligation to add such provisions is the assumptions ”Pn → ∞ as
n → ∞” and ”P¯m → ∞ as m → ∞” may be not enough to obtain the conditions
”Hr → ∞ as r → ∞” and ”H¯s → ∞ as s → ∞”, respectively. To show these
clearly; for any lacunary sequences (kr) and (ls) of integers, one can find sequences
of positive real numbers (pk) and (p¯l) such that Pn = p1 + ... + pn → ∞ (n→∞) and
P¯m = p¯1+ ...+ p¯m →∞ (m→ ∞), yetHr = Pkr −Pkr−1 and H¯s = P¯ls − P¯ls−1 are bounded
and strictly positive. For example, let
pk =
{
1, if k = kr for some r ∈N
2
3k , for all other k ∈N
and
p¯l =
{
1, if l = ls for some s ∈N
1
2l , for all other l ∈N.
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Then Pn → ∞ (n → ∞) and r < Pkr < r + 1 as Pkr > pk1 + pk2 + ... + pkr = r,
Pkr < pk1 + pk2 + ... + pkr +
∑∞
k=1
2
3k = r + 1, and P¯m → ∞ (m→ ∞) and s < P¯ls < s + 1
as P¯ls > p¯l1 + p¯l2 + ...+ p¯ls = s, P¯ls < p¯l1 + p¯l2 + ...+ p¯ls +
∑∞
k=1
1
2l = s+ 1. Then we obtain
Hr = Pkr − Pkr−1 < r + 1 − (r − 1) < 2 and H¯s = P¯ls − P¯ls−1 < s + 1 − (s − 1) < 2 are
bounded from above and cannot diverge to infinity.
Throughout the paper, we assume that Pn = p1 + ... + pn → ∞ (n → ∞),
P¯m = p¯1 + ... + p¯m → ∞ (m → ∞), such that Hr = Pkr − Pkr−1 → ∞ as r → ∞ and
H¯s = P¯ls − P¯ls−1 →∞ as s→∞.
Let Pkr,s = PkrP¯ls , Hr,s = HrH¯s, I
′
r,s =
{
(k, l) : Pkr−1 < k  Pkr and P¯ls−1 < l  P¯ls
}
,
Qr =
Pkr
Pkr−1
, Q¯s =
P¯ls
P¯ls−1
and Qr,s = QrQ¯s.
If we take pk = 1, p¯l = 1 for all k and l, then Hr,s, Pkr,s , Qr,s and I
′
r,s reduce to hr,s,
kr,s, qr,s and Ir,s.
Recall in [13] that an Orlicz function M is continuous, convex, nondecreasing
function define for x > 0 such that M(0) = 0 andM(x) > 0 for x > 0. If convexity of
Orlicz function is replaced by M(x + y)  M(x) +M(y) then this function is called
the modulus function which is defined and characterized by Ruckle [25].
Without loss of generality, we will use the limit notation in Pringsheim’s sense
lim
r,s
instead of lim
r,s→∞, for brevity.
3. Main Results
Let M be an Orlicz function and t =
(
tk,l
)
be any factorable double sequence of
strictly positive real numbers, we define the following sequence spaces:
[
R˜2, θr,s, p,M, t
]
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
x=
(
xk,l
)
: P−lim
r,s→∞
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
=0
uniformly in μ and η, for some ρ> 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭,
[
R˜2, θr,s, p,M, t
]
0
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
x=
(
xk,l
)
: P− lim
r,s→∞
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η|
ρ
)]tk,l
=0
uniformly in μ and η, for some ρ> 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭.
Clearly, the proper inclusion
[
R˜2, θr,s, p,M, t
]
0
⊂
[
R˜2, θr,s, p,M, t
]
holds. We shall
denote
[
R˜2, θr,s, p,M, t
]
and
[
R˜2, θr,s, p,M, t
]
0
, as
[
R˜2, θr,s, p,M
]
and[
R˜2, θr,s, p,M
]
0
, respectively when tk,l = 1 for all k and l. If a double sequence
x =
(
xk,l
)
is in
[
R˜2, θr,s, p,M
]
, we shall say that the double sequence x =
(
xk,l
)
is Riesz
lacunary strongly almost convergent with respect to the Orlicz function M. Note
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that
[
R˜2, θr,s, p,M, t
]
=
[
R˜2, θr,s, p
]
and
[
R˜2, θr,s, p,M, t
]
0
=
[
R˜2, θr,s, p
]
0
when M (x) = x
and tk,l = 1 for all k and l.
If we choose pk = 1, p¯l = 1 for all k and l, then we obtain the following sequence
spaces which can be seen in [28].
[
ACθr,s ,M, t
]
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
x =
(
xk,l
)
: P − lim
r,s→∞
1
hr,s
∑
(k,l)∈Ir,s
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 0,
uniformly in μ and η, for some ρ> 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,
[
ACθr,s ,M, t
]
0
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
x =
(
xk,l
)
: P − lim
r,s→∞
1
hr,s
∑
(k,l)∈Ir,s
[
M
( |xk+μ,l+η|
ρ
)]tk,l
= 0,
uniformly in μ and η, for some ρ> 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
Let M be an Orlicz function, t =
(
tk,l
)
be any factorable double sequence of
strictly positive real numbers and
(
pn
)
,
(
p¯m
)
be sequences of positive numbers and
Pn = p1 + p2 + ... + pn, P¯m = p¯1 + p¯2 + ... + p¯m. We define the following sequence
spaces:
[
R˜2, p,M, t
]
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
x=
(
xk,l
)
: P− lim
n,m→∞
1
PnP¯m
n∑
k=1
m∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
=0
uniformly in μ and η, for some ρ> 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭,
[
R˜2, p,M, t
]
0
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
x=
(
xk,l
)
: P− lim
n,m→∞
1
PnP¯m
n∑
k=1
m∑
l=1
pkp¯l
[
M
( |xk+μ,l+η|
ρ
)]tk,l
=0
uniformly in μ and η, for some ρ> 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭.
Wewill investigate the inclusion relations between these sequence spaces given
above, later. We have the following theorem whose proof is left to the reader.
Theorem 3.1. For any Orlicz function M and a bounded factorable positive double num-
ber sequence tk,l,
[
R˜2, θr,s, p,M, t
]
and
[
R˜2, θr,s, p,M, t
]
0
are linear spaces.
Theorem 3.2. Let θr,s = {(kr, ls)} be a double lacunary sequence and pk, p¯l be sequences
of positive numbers. If lim inf
r
Qr > 1 and lim inf
s
Q¯s > 1, then for any Orlicz function M,[
R˜2, p,M, t
]
⊆
[
R˜2, θr,s, p,M, t
]
.
Proof. Assume that lim inf
r
Qr > 1 and lim inf
s
Q¯s > 1, then there exists δ > 0 such
that Qr > 1 + δ and Q¯s > 1 + δ. This implies
Hr
Pkr
 δ1+δ and
H¯s
P¯ls
 δ1+δ . Then for
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x ∈
[
R˜2, p,M, t
]
, we can write for each μ and η
Ar,s = 1Hr,s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 1Hr,s
kr∑
k=1
ls∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
− 1Hr,s
kr−1∑
k=1
ls−1∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
− 1Hr,s
kr∑
k=kr−1+1
ls−1∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
− 1Hr,s
ls∑
l=ls−1+1
kr−1∑
k=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
=
Pkr P¯ls
Hr,s
(
1
Pkr P¯ls
kr∑
k=1
ls∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l)
−Pkr−1 P¯ls−1Hr,s
(
1
Pkr−1 P¯ls−1
kr−1∑
k=1
ls−1∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l)
− 1Hr
kr∑
k=kr−1+1
P¯ls−1
H¯s
1
P¯ls−1
ls−1∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
− 1H¯s
ls∑
l=ls−1+1
Pkr−1
Hr
1
Pkr−1
kr−1∑
k=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
.
Since x ∈
[
R˜2, p,M, t
]
the last two terms tend to zero uniformly in μ, η in the
Pringsheim sense, thus for each μ and η
Ar,s =
PkrP¯ls
Hr,s
⎛⎜⎜⎜⎜⎜⎜⎝ 1PkrP¯ls
kr∑
k=1
ls∑
l=1
pkp¯l
⎡⎢⎢⎢⎢⎣M
⎛⎜⎜⎜⎜⎝
∣∣∣xk+μ,l+η − L∣∣∣
ρ
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
tk,l
⎞⎟⎟⎟⎟⎟⎟⎠
−Pkr−1P¯ls−1
Hr,s
⎛⎜⎜⎜⎜⎜⎜⎝ 1Pkr−1 P¯ls−1
kr−1∑
k=1
ls−1∑
l=1
pkp¯l
⎡⎢⎢⎢⎢⎣M
⎛⎜⎜⎜⎜⎝
∣∣∣xk+μ,l+η − L∣∣∣
ρ
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
tk,l
⎞⎟⎟⎟⎟⎟⎟⎠ + o (1) .
Since Hr,s = PkrPls − Pkr−1Pls−1 , for each μ and ηwe have the following:
PkrPls
Hr,s

1 + δ
δ
and
Pkr−1Pls−1
Hr,s

1
δ
.
The terms
1
PkrP¯ls
kr∑
k=1
ls∑
l=1
pkp¯l
⎡⎢⎢⎢⎢⎣M
⎛⎜⎜⎜⎜⎝
∣∣∣xk+μ,l+η − L∣∣∣
ρ
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
tk,l
and
1
Pkr−1 P¯ls−1
kr−1∑
k=1
ls−1∑
l=1
pkp¯l
⎡⎢⎢⎢⎢⎣M
⎛⎜⎜⎜⎜⎝
∣∣∣xk+μ,l+η − L∣∣∣
ρ
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
tk,l
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are both Pringsheim null sequences for all μ and η. Thus Ar,s is a Pringsheim null
sequence for each μ and η. Therefore x is in
[
R˜2, θr,s, p,M, t
]
. This completes the
proof.
Theorem 3.3. Let θr,s = {(kr, ls)} be a double lacunary sequence and pk, p¯l be sequences
of positive numbers. If lim sup
r
Qr < ∞ and lim sup
s
Q¯s < ∞, then for any Orlicz function
M,
[
R˜2, θr,s, p,M, t
]
⊆
[
R˜2, p,M, t
]
.
Proof. Since lim sup
r
Qr < ∞ and lim sup
s
Q¯s < ∞, there exists H > 0 such that
Qr < H and Q¯s < H for all r and s. Let x ∈
[
R˜2, θr,s, p,M, t
]
and ε > 0. Then there
exist r0 > 0 and s0 > 0 such that for every i  r0 and j  s0 and for all μ and η,
A′i, j =
1
Hi, j
∑
(k,l)∈Ii, j
pkp¯l
⎡⎢⎢⎢⎢⎣M
⎛⎜⎜⎜⎜⎝
∣∣∣xk+μ,l+η∣∣∣
ρ
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
tk,l
< ε.
LetM′ = max
{
A′i, j : 1  i  r0 and 1  j  s0
}
, andn andmbe such that kr−1 < n  kr
and ls−1 < m  ls. Thus we obtain the following:
1
PnP¯m
n∑
k=1
m∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
 1Pkr−1 P¯ls−1
kr∑
k=1
ls∑
l=1
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 1Pkr−1 P¯ls−1
r,s∑
t,u=1,1
⎛⎜⎜⎜⎜⎝ ∑
(k,l)∈It,u
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l⎞⎟⎟⎟⎟⎠
= 1Pkr−1 P¯ls−1
r0,s0∑
t,u=1,1
Ht,uA′t,u + 1Pkr−1 P¯ls−1
∑
(r0<tr)∪(s0<us)
Ht,uA′t,u

M′Pkr 0 P¯ls0
Pkr−1 P¯ls−1
+
(
sup
tr0∪us0
A′t,u
)
1
Pkr−1 P¯ls−1
∑
(r0<tr)∪(s0<us)
Ht,u

M′Pkr 0 P¯ls0
Pkr−1 P¯ls−1
+ εPkr−1 P¯ls−1
∑
(r0<tr)∪(s0<us)
Ht,u
≤ M
′Pkr 0 P¯ls0
Pkr−1 P¯ls−1
+
Pkr
Pkr−1
P¯ls
P¯ls−1
ε =
M′Pkr 0 P¯ls0
Pkr−1 P¯ls−1
+QrQ¯sε
≤ M
′Pkr0 P¯ls0
Pkr−1 P¯ls−1
+ εH2.
Since Pkr−1 →∞ and P¯ls−1 →∞ as r, s→ ∞, it follows that
1
PnP¯m
n∑
k=1
m∑
l=1
pkp¯l
⎡⎢⎢⎢⎢⎣M
⎛⎜⎜⎜⎜⎝
∣∣∣xk+μ,l+η − L∣∣∣
ρ
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
tk,l
→ 0,
uniformly in μ and η. Therefore x ∈
[
R˜2, p,M, t
]
.
Riesz Lacunary Almost Convergent Double Sequence Spaces 177
We observe the following corollary as an outcome of the Theorem 3.2 and
Theorem 3.3.
Corollary 3.1. Let θr,s = {(kr, ls)} be a double lacunary sequence and pk, p¯l be sequences
of positive numbers. If 1 < lim inf
r,s
Qr,s  lim sup
r,s
Qr,s < ∞, then for any Orlicz function
M,
[
R˜2, θr,s, p,M, t
]
=
[
R˜2, p,M, t
]
.
Theorem 3.4. The following statements are true:
1. If pk < 1 for all k ∈N and p¯l < 1 for all l ∈N, then
[
ACθr,s ,M, t
]
⊂
[
R˜2, θr,s, p,M, t
]
with
[
ACθr,s ,M, t
]
-P-lim x =
[
R˜2, θr,s, p,M, t
]
-P-lim x = L.
2. If pk > 1 for all k ∈N and p¯l > 1 for all l ∈N, and Hrhr and H¯sh¯s are upper bounded, then[
R˜2, θr,s, p,M, t
]
⊂
[
ACθr,s ,M, t
]
with
[
R˜2, θr,s, p,M, t
]
-P-lim x =
[
ACθr,s ,M, t
]
-P-
lim x = L.
Proof. 1. If pk < 1 for all k ∈ N and p¯l < 1 for all l ∈ N, then Hr < hr for all
r ∈ N and H¯s < h¯s for all s ∈ N, respectively. So, there exist M1 and M2
constants such that 0 <M1 
Hr
hr
< 1 for all r ∈ N and 0 < M2  H¯sh¯s < 1 for all
s ∈N. Let x = (xk,l) be a double sequence which converges to the P-limit L in[
ACθr,s ,M, t
]
, then for each μ and η
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 1HrH¯s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
< 1M1.hr
1
M2.h¯s
∑
(k,l)∈Ir,s
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 1M1,2
1
hr,s
∑
(k,l)∈Ir,s
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
where M1,2 := M1M2. Hence, we obtain the result by taking the P-limit as
r, s→∞.
2. Let Hrhr and
H¯s
h¯s
be upper bounded and pk > 1 for all k ∈ N and p¯l > 1 for all
l ∈ N. Then Hr > hr for all r ∈ N and H¯s > h¯s for all s ∈ N. So, there exist N1
andN2 constants such that 1 <
Hr
hr
 N1 < ∞ for all r ∈N and 1 < H¯sh¯s  N2 < ∞
for all s ∈ N. Assume that the double sequence x = (xk,l) converges to the
P-limit L in
[
R˜2, θr,s, p,M, t
]
, with
[
R˜2, θr,s, p,M, t
]
- P-lim x = L, then for each μ
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and η we have
1
hr,s
∑
(k,l)∈Ir,s
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 1hrh¯s
∑
(k,l)∈Ir,s
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
< N1Hr
N2
H¯s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
= 1N1,2
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
[
M
( |xk+μ,l+η−L|
ρ
)]tk,l
where N1,2 := N1N2. Hence, the result is obtained by taking the P-limit as
r, s→∞.
Definition 3.1. Let θr,s = {(kr, ls)} be a double lacunary sequence. The double
number sequence x is said to be S(R˜2,θr,s)-P-convergent to L provided that for every
ε > 0,
P − lim
r,s
1
Hr,s
sup
μ,η
∣∣∣∣{(k, l) ∈ I′r,s : pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣ = 0.
In this case we write S(R˜2,θr,s)-P-lim x = L.
Theorem 3.5. Let θr,s = {(kr, ls)} be a double lacunary sequence. If I′r,s ⊆ Ir,s, then the
inclusion
[
R˜2, θr,s, p
]
⊂ S(R˜2,θr,s) is strict and
[
R˜2, θr,s, p
]
- P-lim x =S(R˜2,θr,s)-P-lim x = L.
Proof. Let
(3.1) KPr,s (ε) =
{
(k, l) ∈ I′r,s : pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  ε} .
Suppose that x ∈
[
R˜2, θr,s, p
]
. Then for each μ and η
P− lim
r,s
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ = 0.
Since
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ ≥ 1Hr,s ∑(k,l)∈I′r,s pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
= 1Hr,s
∑
(k,l)∈I′ r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ + 1Hr,s ∑(k,l)∈I′ r,s
(k,l)KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
 1Hr,s
∑
(k,l)∈I′ r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ = |KPr,s (ε)|Hr,s ,
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for all μ and η, we get P-lim
r,s
|KPr,s (ε)|
Hr,s
= 0 for each μ and η. This implies that
x ∈ S(R˜2,θr,s).
To show that this inclusion is strict, let x =
(
xk,l
)
be defined as
xk,l :=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 2 3 · · · 3√Hr,s − 1 3√Hr,s 0 · · ·
2 2 3 · · · 3√Hr,s − 1 3√Hr,s 0 · · ·
3 2 3 · · · 3√Hr,s − 1 3√Hr,s 0 · · ·
...
...
...
...
...
...
...
...
3
√
Hr,s − 1 2 3 · · · 3
√
Hr,s − 1 3
√
Hr,s 0 · · ·
3
√
Hr,s 3
√
Hr,s 3
√
Hr,s · · · 3
√
Hr,s 3
√
Hr,s 0 · · ·
0 0 0 · · · 0 0 0 · · ·
...
...
...
...
...
...
...
...
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and pk := 1, pl := 1 for all k and l. Clearly, x is an unbounded sequence. For ε > 0
and for all μ and η we have
P − lim
r,s
1
Hr,s
∣∣∣∣{(k, l) ∈ I′r,s : pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣ = P − lim
r,s
3
√
Hr,s 3
√
Hr,s
Hr,s
= 0.
Therefore x ∈ S(R˜2,θr,s) with the P-limit L = 0. Also note that
P− lim
r,s
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − 0∣∣∣ = P− lim
r,s
Hr,s + 3 3
√
Hr,s
2 − 4 3√Hr,s + 2
2Hr,s
=
1
2
.
Hence xk,l 
[
R˜2, θr,s, p
]
. This completes the proof.
Theorem 3.6. LetM be a constant such that pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣M, for all k, l ∈N and for
all μ and η. If Ir,s ⊆ I′r,s, then S(R˜2,θr,s) ⊂
[
R˜2, θr,s, p
]
with
[
R˜2, θr,s, p
]
-P-lim x =S(R˜2,θr,s)-
P-lim x = L.
Proof. Assume that θr,s = {(kr, ls)} be a double lacunary sequence, pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
 M, for all k, l ∈ N and for all μ and η. Let Ir,s ⊆ I′r,s and KPr,s (ε) be as defined
in the previous theorem. Since x ∈ S(R˜2,θr,s) with S(R˜2,θr,s)-P-lim x = L, then P-
lim
r,s
|KPr,s (ε)|
Hr,s
= 0. For a given ε > 0 and for all μ and η we have the following.
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ ≤ 1Hr,s ∑(k,l)∈I′r,s pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
= 1Hr,s
∑
(k,l)∈I′r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ + 1Hr,s ∑(k,l)∈I′r,s
(k,l)KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
M |KPr,s (ε)|Hr,s + ε.
Since ε is arbitrary, we get x ∈
[
R˜2, θr,s, p
]
with the same P-limit L.
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Theorem 3.7. The following statements are true:
1. If pk  1 for all k ∈ N and p¯l  1 for all l ∈ N, then Sθr,s ⊆ S(R˜2,θr,s) with
Sθr,s -P-lim x = S(R˜2,θr,s)-P-lim x = L.
2. If pk  1 for all k ∈ N and p¯l  1 for all l ∈ N, and Hrhr and H¯sh¯s are upper bounded,
then S(R˜2,θr,s) ⊆ Sθr,s with S(R˜2,θr,s)-P-lim x = Sθr,s -P-lim x = L.
Proof. 1. If pk  1 for all k ∈ N and p¯l  1 for all l ∈ N, then Hr  hr for all
r ∈ N and H¯s  h¯s for all s ∈ N. So, there exist M¯1 and M¯2 constants such
that 0 < M¯1 
Hr
hr
 1 for all r ∈ N and 0 < M¯2  H¯sh¯s  1 for all s ∈ N. Let
x =
(
xk,l
)
be a double sequence which converges to the P-limit L in Sθr,s , then
for an arbitrary ε > 0 and, for all μ and η we have
1
Hr,s
∣∣∣∣{(k, l) ∈ I′r,s : pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
= 1HrH¯s
∣∣∣∣{Pkr−1 < k  Pkr and P¯ls−1 < l  P¯ls : pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
 1M¯1M¯2
1
hrh¯s
∣∣∣{Pkr−1  kr−1 < k  Pkr  kr and
P¯ls−1  ls−1 < l  P¯ls  ls :
∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
= 1M¯1,2
1
hr,s
∣∣∣∣{kr−1 < k  kr and ls−1 < l  ls : ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
= 1M¯1,2
1
hr,s
∣∣∣∣{(k, l) ∈ Ir,s : ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
where M¯1,2 := M¯1M¯2. Hence, we obtain the result by taking the P-limit as
r, s→∞.
2. Let Hrhr and
H¯s
h¯s
be upper bounded and pk  1 for all k ∈ N and p¯l  1 for all
l ∈ N. Then Hr  hr for all r ∈ N and H¯s  h¯s for all s ∈ N. So, there exist N¯1
and N¯2 constants such that 1 
Hr
hr
 N¯1 < ∞ for all r ∈N and 1  H¯sh¯s  N¯2 < ∞
for all s ∈ N. Assume that the double sequence x = (xk,l) converges to the
P-limit L in S(R˜2,θr,s) with S(R˜2,θr,s) -P-lim x = L, then for an arbitrary ε > 0 and,
for all μ and η we have
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1
hr,s
∣∣∣∣{(k, l) ∈ Ir,s : ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
= 1hrh¯s
∣∣∣∣{kr−1 < k  kr and ls−1 < l  ls : ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
 N¯1Hr
N¯2
H¯s
∣∣∣{kr−1  Pkr−1 < k  kr  Pkr and
ls−1  P¯ls−1 < l  ls  P¯ls : pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
= N¯1N¯2HrH¯s
∣∣∣∣{Pkr−1 < k  Pkr and P¯ls−1 < l  P¯ls : pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
= N¯1,2. 1Hr,s
∣∣∣∣{(k, l) ∈ I′r,s : pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣  ε}
∣∣∣∣
where N¯1,2 = N¯1N¯2. Hence, the result is obtained by taking the P-limit as
r, s→∞.
Theorem 3.8. Let θr,s = {(kr, ls)} be a double lacunary sequence. Then we have the
followings.
1. If lim inf
r
Qr > 1 and lim inf
s
Q¯s > 1, then S(R˜2) ⊆ S(R˜2,θr,s).
2. If lim sup
r
Qr < ∞ and lim sup
s
Q¯s < ∞, then S(R˜2,θr,s)⊆ S(R˜2).
3. If 1 < lim inf
r,s
Qr,s  lim sup
r,s
Qr,s < ∞, then S(R˜2,θr,s)= S(R˜2)
Proof. The item (3) is a consequence of (1) and (2). The proof can be done in a
similar manner as in Theorem 3.2, Theorem 3.3 and Corollary 3.1. For this purpose,
we left the proof to the reader.
Definition 3.2. A double sequence x =
(
xk,l
)
is said to be Riesz lacunary almost
P-convergent to L if P− lim
r,s
ω
μη
rs (x) = L, uniformly in μ and η, where ω
μη
rs = ω
μη
rs (x) =
1
Hr,s
∑
(k,l) ∈Ir,s
pkp¯l xk+μ,l+η.
Definition 3.3. A double sequence x =
(
xk,l
)
is said to be Riesz lacunary almost
statistically summable to L if for every ε > 0 the set
Kε :=
{
(r, s) ∈N ×N :
∣∣∣ωμηrs − L∣∣∣  ε}
has double natural density zero, i.e., δ2 (Kε) = 0. In this case, we write
(
R˜, θ
)
st2
-
P-lim x = L. That is; for every ε > 0, P - lim
m,n
1
mn
∣∣∣∣{r  m, s  n : ∣∣∣ωμηrs − L∣∣∣  ε}
∣∣∣∣ = 0,
182 S¸u¨kran Konca and Metin Bas¸arır
uniformly in μ and η. Hence, a double sequence x =
(
xk,l
)
is Riesz lacunary almost
statistically summable to L if and only if the double sequence
(
ωμηrs (x)
)
is almost
statistically P-convergent to L.
Note that since a convergent double sequence is also statistically convergent to
the same value, a Riesz lacunary almost convergent double sequence is also Riesz
lacunary almost statistically summable with the same P-limit.
A double sequence x =
(
xk,l
)
is said to be strongly
[
R˜2, θr,s, p
]
q
-almost convergent(
0 < q < ∞) to the number L if P- lim
r,s
ω
μη
rs (|x − L|q) = 0, uniformly in μ and η. In this
case, we write xk,l → L
([
R˜2, θr,s, p
]
q
)
and L is called
[
R˜2, θr,s, p
]
q
-P-limit of x. Also,
we denote the set of all strongly
[
R˜2, θr,s, p
]
q
-almost P-convergent double sequences
by
[
R˜2, θr,s, p
]
q
.
Theorem 3.9. Let Ir,s ⊆ I′r,s and pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  M for all k, l ∈ N and for all μ and
η. If the followings hold, then S(R˜2,θr,s) ⊂
[
R˜2, θr,s, p
]
q
and S(R˜2,θr,s)-P-lim x =
[
R˜2, θr,s, p
]
q
-
P-lim x = L.
1. 0 < q < 1 and 1 
∣∣∣xk+μ,l+η − L∣∣∣ < ∞.
2. 1  q < ∞ and 0 
∣∣∣xk+μ,l+η − L∣∣∣ < 1.
Proof. Assume that x =
(
xk,l
) ∈ S(R˜2,θr,s) with P - limr,s→∞ 1Hr,s
∣∣∣KPr,s (ε)∣∣∣ = 0, where KPr,s (ε)
was given by (3.1).
Since pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ M for all k, l ∈N and for all μ and η, and Ir,s ⊆ I′r,s, then
for a given ε > 0 and for all μ and η, we have
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
 1Hr,s
∑
(k,l)∈I′r,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
= 1Hr,s
∑
(k,l)∈I′ r,s
(k,l)KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q + 1Hr,s ∑(k,l)∈I′ r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
= Tr,s + T′r,s,
where
Tr,s =
1
Hr,s
∑
(k,l)∈I′ r,s
(k,l)KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
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and
T′r,s =
1
Hr,s
∑
(k,l)∈I′r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q.
For (k, l)  KPr,s (ε), we have
Tr,s =
1
Hr,s
∑
(k,l)∈I′ r,s
(k,l)KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q  1Hr,s
∑
(k,l)∈I′ r,s
(k,l)KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  ε.
If (k, l) ∈ KPr,s (ε), then
T′r,s =
1
Hr,s
∑
(k,l)∈I′ r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
≤ 1
Hr,s
∑
(k,l)∈I′r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  MHr,s
∣∣∣KPr,s (ε)∣∣∣ .
Hence, 1Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q → 0 as r, s → ∞, uniformly in μ and η. This
completes the proof.
Theorem 3.10. Let I′r,s ⊆ Ir,s. If the following conditions hold, then
[
R˜2, θr,s, p
]
q
⊂
S(R˜2,θr,s) and
[
R˜2, θr,s, p
]
q
-P-lim x = S(R˜2,θr,s)-P-lim x = L.
1. 0 < q < 1 and 0 
∣∣∣xk+μ,l+η − L∣∣∣ < 1.
2. 1  q < ∞ and 1 
∣∣∣xk+μ,l+η − L∣∣∣ < ∞.
Proof. Let x =
(
xk,l
)
be strongly
[
R˜2, θr,s, p
]
q
-almostP-convergent to the limit L. Since
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q  pkp¯l ∣∣∣xk+μ,l+η − L∣∣∣ for case (1) and (2), then for all μ and η, we have
1
Hr,s
∑
(k,l)∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
 1Hr,s
∑
(k,l)∈I′r,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
 1Hr,s
∑
(k,l)∈I′ r,s
(k,l)∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣q
 ε 1Hr,s
∣∣∣KPr,s (ε)∣∣∣
where KPr,s (ε) is as in (3.1). Taking limit as r, s → ∞ in both sides of the above
inequality, we conclude that S(R˜2,θr,s) - P-lim x = L.
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Theorem 3.11. Let Ir,s ⊆ I′r,s and pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  M for all k, l ∈ N and for each μ
and η. If a double sequence x =
(
xk,l
)
is Riesz lacunary almost statistically P-convergent
to L, then it is Riesz lacunary almost statistically summable to L but not conversely.
Proof. Assume that Ir,s ⊆ I′r,s and pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣ M for all k, l ∈N and for each μ
andη. Letx =
(
xk,l
)
beS(R˜2,θr,s)-P-convergent toL. PutKPr,s (ε) =
{
(k, l) ∈ I′r,s : pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣  ε}.
Then ∣∣∣ωμηrs − L∣∣∣ =
∣∣∣∣∣∣ 1Hr,s
∑
(k,l) ∈Ir,s
pkp¯l xk+μ,l+η − L
∣∣∣∣∣∣
=
∣∣∣∣∣∣ 1Hr,s
∑
(k,l) ∈Ir,s
pkp¯l
(
xk+μ,l+η − L
)∣∣∣∣∣∣
 1Hr,s
∑
(k,l) ∈Ir,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
 1Hr,s
∑
(k,l) ∈I′r,s
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
= 1Hr,s
∑
(k,l) ∈I′r,s
(k,l) ∈KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
+ 1Hr,s
∑
(k,l) ∈I′r,s
(k,l) KPr,s (ε)
pkp¯l
∣∣∣xk+μ,l+η − L∣∣∣
 MHr,s
∣∣∣KPr,s (ε)∣∣∣ + ε
for each μ and η, which implies that P- lim
r,s
ωμηrs (x) = L uniformly in μ and η. Hence,
st2-P-lim
r,s
ω
μη
rs (x) = L uniformly in μ and η and so,
(
R˜, θ
)
st2
-P-lim x = L.
To see that the converse is not true, consider the double lacunary sequence
θr,s =
{(
2r−1, 3s−1
)}
, pk = 1, p¯l = 1 for all k and l, and the double sequence x =
(
xk,l
)
defined as xk,l = (−1)k for all l.
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